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"

After a few months
, though , I alized something : I hadn't

gotten any
better at understanding tensor-products, but I

was getting used to not understanding them
.
It was pretty

amazing ,
I no longer felt anguish when tensor -products

came up ; I was instead amused by their cunning ways
"

- Cathy Oneil

"

Itis the things you can prove
that tell

you
how to think abut

tensor products . Ie, you let lemmas and examples shape yur
intuition of the mathematical objects in question . there

"

's nothing
else

, no magical intuition will
appear

to help you understand it
"

- Johan de Jung



MuHilimwA1ge
• Det: let vi.Vi , W be vector spaces , then a

bi-ieurn.mg is a function

F. V → W_
such that

1) f- IV. tvi
,
Vv) = flu

,
Vul + flu

'

,
ve)

2) fly ,
Vitvu

' ) = fly ,W+ flu, Vu
' )

3) iflvyvu) - f-Irv, ,Vu ) = flu , ,rvc )



si) More generally if V.
- -

Un ,W an vector
spaces,

than a
Ép is a function

f. Én →wstnflv.tv!
,
_ .

-

,
Vn) = flu

,
.
.

,
unit flu 's - - in )

: !

n) flu
, a. ,

Vntvn
' ) = flu ._ .

Un)t flu
. _
_

,
Vu

' )

nxllrflv . - . Vn) = flu , _ ,
Vn) = flvyrvy . . , Vn)
I - - . I flu . - yvvn)



12m¥ .
When n± → linear

maps

n → bi -linear maps

iiilwhunl-N.IT and are same

i lmcw functional

n called "bilinear fwm "'

nI : called
"

multi - linear firms
"



Propane set iW of Ép_
is a vector space under pointwise addition/scaling
PH HwCn-su)

¢no Kemal , image not )
subspace, etc . - -

Goal: 1)É maps = tooooo !
/

1M¥ maps = wooooh !



→ Want to convertÉ - > maps

2) Want some way to
"

my
"

vectors

3) Wu know that a vector space ✓ over 112
,
isn't

always a vector space over 6
.
But ① is better

than IR
,
can we

itiaG¥ ?



Oeopboreath
Goat : Want a bijection

Bilinear /Viv# ≈ ,W)
•whwtshwldthi-s.be



&;;!j÷¥¥
*. .

1) Consider the vector space F
"""

( see notes)

rmI : Given a function f.k ->w
we can uniquely extend this to a

lmcarmuppcv.TV"

→ w

¢why_?) : Because Vivi is a basis for

Fcvixlh)



2) Consider this weird subspace

4 ""'t "
""

IV.
,
Vrtvv

' ) - Ah ,Vu) - (Vi ,Vi} Vu G Uz✓
Vu

'

EV,

why?_i If f:V →W is biting

then have induced And map

Freek) : F """ → W as before
.

Note : N ≤Keir



3) Consider f-
(V1✗V4

µ

Why : Givenk file -ow

we saw we had an induced
map

Free (f) : Fo"
"
→ W

with N ≤ teeth

= > Universal property of ¥t
tells us that this map can

then be extended to a unique linear map



Frein → w

Def:VVz:==E"⇔µ✓-
Steinbach :what have we achieved ?

• Start with a biting map five
→W

then we have the following diagram



[flu , .vn = Freeform )

¥É W
1) f- Freeltioi

7!FTFr 21 Freel f) = £01T
f- ⇔ ✗

(2) r

↓% ⇒flvjvukfo-uoicu.vn#=:pcv.*,y..---
'

7."
É

= Feuar )

This: The composite V. a> F'
"""
→ ¥042

is bilinear and it induces a (natural ) isomorphism



Bill¥2
,
W) = Lot V2

,
W )

this is the so called
"

universal property of 1( the text
•
We write it :ʰ →% to be this

k
map and denote ¥ : = Tica

,

b)

• Rmf: Every vector in is a finite sum



↳

of these
"

€pÉ ( Ecija : ☒ 6;)

• because is really 1T (arb )

we have things are
"
linear " in each slot

ex) it 0 ☒a = (0+0) ☒ a =0⊕a to -09
⇒ 00th = 0

ii) Cath ④ C = a⊕C +60C

Same exact construction holds for V.
. .

.vn
,

W

and iÉ maps



Thy : The composite V±É OF
""⇔
- > F'

"""

%=V
,
④ ☒Un

is Ettinger and induces a bijection

Multlvixnxvn
,
W ) =L (via Vn

,

W )

iʰ -4W

↓ * 11 I(a. ⊕ - ☒an / =f(ai, - -

,
an )

V€④Vn
.

-

-

'

7 ! I



OI : The machinery developed above is very general , and
therefore very powerful .
However

,
in the world of vector spaces, we

have

!

This simplifies things ! ! ! 1

Thing: Let V.W to vector spaces with basis

Bu :(v. . . Vn ) Dw :( w . .
Wm )

,

then
.

¥Ñ has iisii



8¥ = (Vi ④ wj 1
' ≤ i ≤n

i ≤j ≤m )

cos : dim CV⊕W) = dmW = nm

(compare again to É=*)
• We will . use this to compute matrix of

tensor product of linear maps .



Ti : V.→Wi are linear maps between F- vector

£PP
↑, ;v, - >W , Spaces V1

,
V1
,
Wi
, Wi

Prof: there exists a Iie linear map

EE :v* → €0k

such that EE cv.at = TIM ⑦ Test

Pf) Hw (Hint : Universal property of ☒ )

(Define the
map

V1 ✗V2 - > Wi ✗We → V.V . ④We

crave) -) (TM) ,Twin → Tcu) ④Two]
]Check the composite is bilinear



V , v,specially
Consider a map

VIV Then for vector space V
'

get ! map
V' ④V -1% V'⑧W

a) Let V=W and
'

f-⇒d. Then what is this map

V'④V V' ④V fie when both IT ,I are the )
(10×1) (Viau) = icvnoicv) identity maps

= v
'
④ ✓

I ☒ 1 is id on V'④V



b) Now let Vᵗ→w Z k linear maps
have the two maps

;) V'④ V -1¥ ✓ '

④w
!# V'☒ z
-

in V' ☒v
'

☒ z

= >The prop said there's a ! such map so €94 = 1-0+9 01¥

Rmd: This tells us the is a "€" !


